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This paper develops a discrete velocity mathematical model in spatially homogeneous
conditions for vehicular traffic along a multilane road. The approach consists of a natural
development of a recent model proposed within the framework of the generalized kinetic
theorywith discrete velocities and described in details in this paper. Numerical simulations
are provided for different road conditions and global densities.
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1. Introduction
This paper deals with the modelling of vehicular dynamics on multilane highways, with the aim of describing by
mathematical equations the dynamics by which vehicles are distributed along lanes in the case of spatial homogeneity.
The modelling approach consists in the natural development of a recent model by Delitala and Tosin [1] proposed within
the framework of the generalized kinetic theory with discrete velocities. This model has also been related to experimental
data in [2].
It is worth stressing, before describing the contents of this present paper that discretization of the velocity variable is
proposed to overcome thewell known criticism, seeDaganzo [3], on the assumption of continuity of the distribution function
for a system where the number of vehicles is not large enough to justify continuity assumption either in the framework
of continuity mechanics, or in that of the kinetic theory. The kinetic theory with discrete states has only recently been
developed on traffic flow modelling and described in [4–6]. In [5] a technically different approach with respect to [1] is
proposed, while in [6] the model provided in [1] is generalized by introducing an activity variable to model the different
behaviors of the vehicle–driver system.
Although a vast literature on traffic flowmodelling has been developed after the pioneer book by Prigogine and Herman
[7], only a few papers are available on multilane modelling. Among them are [8–10], while the literature in the field is
documented in various review papers [11–14]. A thorough analysis on the physics of traffic is documented in the book by
Kerner [15].
The modelling approach developed in this paper refers to the spatially homogeneous case. The model aims at showing
the distribution, asymptotically in time, of the vehicles on the lanes starting from different initial distributions and densities.
The analysis of the space dependent case is scheduled in a forthcoming paper within a research program precisely devoted
to multilane traffic modelling.
The paper is organized in four more sections as follows.
– Section 2 deals with a concise description of traffic flow along a multilane road.
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– Section 3 defines the mathematical framework for discrete multilane kinetic models of vehicular traffic and gives the
general structure of the equations. In particular the spatially homogeneous case is considered.
– Section 4 introduces a possible form of the table of games taking into account the table proposed in [1]. The final model
equation in spatially homogeneous conditions is also reported.
– Section 5 is devoted to simulate the trend to equilibrium in different road conditions and with different global densities;
some conclusions and research perspectives are also provided.
2. On the description of multilane traffic flow
This section deals with a discrete kinetic description of traffic flow along a multilane road and introduces the
phenomenological quantities that can be regarded as the collective output of interactions at the microscopic level.
All the dependent variables describing the traffic flow are dimensionless and normalized in order to take values in the
interval [0, 1]. More in details, the following reference quantities are introduced:
L is the length of the road,
VM is the maximum velocity attained by an isolated fast vehicle when moving in free flow conditions,
ρ˜M is the maximum density of vehicles corresponding to bumper to bumper vehicle distance.
Using the above quantities the following dimensionless variables are identified:
x is the position referred to L,
t is the time normalized by means of L/VM ,
v = V/VM is the velocity referred to VM ,
ρ = ρ˜/ρ˜M is the density of vehicles referred to maximum one.
Following the line of paper [1], an equally spaced velocity grid is introduced of the form:
0 = v1 < v2 < · · · < vi < · · · < vn = 1, (i = 1, . . . , n). (2.1)
Under this hypothesis, a finite number of admissible velocities is identified.
The highway consists of p lanes, numbered from the slowest to the fasted one. It is assumed that in each j-lane, with
(j = 1, . . . , p), the velocity v is discretized in the same way.
The evolution in time and space of the multilane traffic flow is described by introducing in each lane a statistical
distribution function as a linear combination of Dirac distributions in variable v:
f j(t, x, v) =
n∑
i=1
f ji (t, x)δi(v − vi), (j = 1, . . . , p), (2.2)
where f ji denotes the number of vehicles at velocity vi in the j-lane at given time and space.
Macroscopic density and flux are respectively obtained in each lane in the following way:
(i) the density in the j-lane is
ρ j(t, x) =
n∑
i=1
f ji (t, x), 0 ≤ ρ j ≤
1
p
, (2.3)
(ii) the flux in the j-lane is
qj(t, x) =
n∑
i=1
vif
j
i (t, x). (2.4)
In each lane, the density ρ j takes value in the interval [0, 1/p] corresponding to bumper to bumper vehicle density.
By summing the contributions of all lanes the global density and the global flux are written as follows
ρ(t, x) =
p∑
j=1
ρ j(t, x), ρ ∈ [0, 1], (2.5)
q(t, x) =
p∑
j=1
qj(t, x). (2.6)
Othermacroscopic quantities can be recovered in each lane. Specifically, the average velocity and the variance of the velocity:
U j(t, x) = q
j(t, x)
ρ j(t, x)
= 1
ρ j(t, x)
n∑
i=1
vif
j
i (t, x), (2.7)
Θ j(t, x) = 1
ρ j(t, x)
n∑
i=1
(vi − U j(t, x))2f ji (t, x). (2.8)
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The global average velocity and variance can be obtained by summing over all the lanes
U(t, x) =
p∑
j=1
U j(t, x), Θ(t, x) =
p∑
j=1
Θ j(t, x). (2.9)
3. Mathematical framework
This section reports about a discrete multilane kinetic model of vehicular traffic referred to the above introduced
macroscopic quantities. In general, the evolution equation in each lane is as follows:
df ji
dt
= Gji − Lji, (i = 1, . . . , n), (j = 1, . . . , p), (3.1)
where Gji and L
j
i are respectively the gain and the loss terms; the above equation yields the balance between the gain and
the loss rates due to the microscopic interactions in the j-lane of a test vehicle with velocity vi. Bearing in mind the article
[1], themathematical structure of themodel is obtained by a stochastic description of microscopic interactions between the
candidate vehicle and a field vehicle located in the visibility zone, i.e. in a characteristic length ξ > 0. In fact, the candidate
vehicle observes the traffic densities and the behavior of vehicles in the visibility zone, it weights the observed velocities,
then it decides if remaining in the same lane or changing it and finally it adjusts its behavior braking or accelerating. The
above equation can be written in each lane as follows
∂t f
j
i + vi∂xf ji =
p∑
r,s=1
n∑
h,k=1
∫ x+ξ
x
ηj[ρ j]Ai,jhk,rs[ρ∗]f rsh (t, x)f rsk (t, y)wj(x, y)dy
− f ji (t, x)
p∑
r,s=1
n∑
k=1
∫ x+ξ
x
ηj[ρ j]f rsk (t, y)wj(x, y)dy, (3.2)
where ρ∗ = {ρ1, . . . , ρp}; ηj[ρ j] is the interaction rate (the number of interactions per unit time in each lane); wj(x, y)
represents the weight function over the visibility zone and Ai,jhk,rs[ρ∗] denotes the probability density that a vehicle in the
lane r , with velocity vh adjusts its velocity to vi and its position in the lane j after an interaction with a field vehicle in the
lane swith velocity vk.
The specific model [1] is based on the assumptions summarized in the following.
(a) The weight functionwj(x, y) is the same in all lanes and it is required to satisfy the normalization condition
wj(x, y) ≥ 0,
∫ x+ξ
x
wj(x, y)dy = 1. (3.3)
(b) The candidate vehicle only interacts with vehicles in the same lane then the index s is useless (s = r) and it will be
suppressed. As a consequence, the probability densities do not depend on the index s and they satisfy the following
conditions:
Ai,jhk,r [ρ∗] ≥ 0,
n∑
i=1
p∑
j=1
Ai,jhk,r [ρ∗] = 1, ∀h, k = 1, . . . , n, ∀r = 1, . . . , p. (3.4)
Let us now consider the spatially homogeneous case; the distribution functions f ji and consequently the densities ρ
j
do not depend on the space. Additional hypotheses are introduced:
(c) The interaction rate depends on the probability distributions by means of the density ρ j in the j-lane in the following
way
ηj = η[ρ j] = η0 11− pρ j , (3.5)
where η0 is a constant and 0 ≤ ρ j < 1/p.
(d) Admissible interactions generate transitions only in contiguous lanes. In details, the sets of admissible lane transitions
is
Ic =
{r 6= 1, p : Ic = {r − 1, r, r + 1} ,
r = 1 : Ic = {1, 2} ,
r = p : Ic = {p− 1, p} .
(3.6)
(e) In analogous way, the set Iv of admissible velocity transitions only contains as final velocities the velocities (vi =
vh−1, vh, vh+1) corresponding to (i = h− 1, h, h+ 1) as follows
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Iv =
{h 6= 1, n: Iv = {h− 1, h, h+ 1} ,
h = 1: Iv = {1, 2} ,
h = n: Iv = {n− 1, n} .
(3.7)
The only exception to the above definition of the set Iv is considered in the following table of games when the candidate
vehicle interacts with a slower field vehicle; in that case, the candidate vehicle can be obliged to reduce its velocity to that
of the field vehicle even if it is strongly slower.
Taking into account the above hypotheses the final form of Eq. (3.2) in the spatially homogeneous case is the following:
df ji
dt
=
∑
r∈Ic
[
η0
1− pρr
(∑
h,k∈Iv
Ai,jhk,r [ρ∗]f rh (t)f rk (t)
)]
− η0
1− pρ j f
j
i (t)ρ
j(t). (3.8)
4. Table of games and multilane model in the spatially homogeneous case
In this section, we introduce a possible form of the table of games, taking into account some intuitions about the
microscopic physics of traffic [15] and the table of games proposed in [1]. The table of games Ai,jhk,r [ρ∗]models microscopic
interactions among vehicles in the same lane, yielding the probability that the candidate vehicle changes its velocity from
h to that of the test vehicle i after an interaction with a field vehicle with velocity k. The test vehicle can be positioned in
the same r-lane or in a contiguous one. When modelling microscopic interactions we assume that the probability densities
Ai,jhk,r [ρ∗] are determined by densities in contiguous lanes, i.e. they depend on the function ρ∗ in the following way:
ρ∗ =
{r 6= 1, p: ρ∗ = {ρr−1, ρr , ρr+1} ,
r = 1: ρ∗ = {1, 2} ,
r = p: ρ∗ = {p− 1, p} .
(4.1)
According to [1], the road conditions are considered an important factor strongly affecting the evolution of the traffic;
the road conditions are modelled in the table of games by introducing a phenomenological parameter α, where α ∈ [0, 1]:
lower and higher values are related to bad and good road conditions respectively.
In the following we introduce separately each of the case vh < vk, vh > vk and vh = vk corresponding to h < k, h > k,
h = k respectively. In each of the above three cases we introduce the probability that the candidate vehicle remains in the
same lane and the probability that it changes in a contiguous one, i.e. all probabilities ∀j such that j ∈ Ic . The following three
figures describe the table of games in each of the above cases. The horizontal lines represent the lanes. The velocity classes
both of the candidate and the field vehicle are reported in each lane; continuous arrows represent transitions in the same
lane, while bold and dashed arrows represent the transitions in the right and left contiguous lane respectively. The arrows
are labeled with numbers representing the corresponding equation.
4.1. Interaction with a faster vehicle h < k
When h < k, the candidate vehicle is encountering a faster field vehicle in the r-lane. The result of this interaction is
that the candidate vehicle either maintains its lane or it changes in the right contiguous one, j = {r − 1, r}. In other words,
it is assumed that the candidate vehicle does not change its position in the left lane when interacting with a faster vehicle.
In the following we distinguish the case r = {2, . . . , p}where the candidate vehicle can change its lane from the case r = 1
in which it can only maintain the original one. The table of games introduced below can be visualized in the draft of Fig. 1,
where the numbers refer to the corresponding equations and bold arrows represent transitions in the contiguous slower
lane.
(a) Interaction in the case h 6= 1 and r 6= 1.
As a consequence of the above assumptions it follows that Iv = {h− 1, h, h+ 1} and Ic = {r − 1, r}.
Ai,j=rhk,r =
{0, i = h− 1,
(1− α)[1− pρr(1− pρr−1)], i = h,
α[1− pρr(1− pρr−1)], i = h+ 1.
(4.1.1)
Ai,j=r−1hk,r =
{
(1− α)pρr(1− pρr−1), i = h− 1,
αpρr(1− pρr−1), i = h,
0, i = h+ 1.
(4.1.2)
Eq. (4.1.1) yields the probability that the candidate vehicle maintains its lane. This probability is higher if the traffic
density is high in the right lane and low in the current one. The candidate vehicle maintains its velocity or accelerates
depending on the road conditions. In fact, when α = 0 (worst road conditions) the candidate vehicle keeps its current speed
and does not accelerate in any case. When α = 1 (best road conditions) it accelerates. Eq. (4.1.2) yields the probability that
the candidate vehicle changes its lane going in the right lane. This probability depends on the road conditions and on the
traffic densities both in the r-lane and in the (r − 1)-lane and it is higher if the traffic in the right lane is low.
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Fig. 1. h < k. The horizontal lines represent the lanes. The arrows are labeled with the numbers of the related equations.
(b) Interaction in the case h = 1 and r 6= 1.
As a consequence of the above assumptions it follows that Iv = {1, 2} and Ic = {r − 1, r}. The candidate vehicle has a
velocity v1 = 0. When the candidate vehicle interacts with a faster field vehicle which is in the same lane, it means either
that the field vehicle is behind it or that the vehicle in front of it begins to move. So the two possibilities are that the field
vehicle stops or that the candidate vehicle accelerates in the same lane.
Ai,j=r1k,r =
{
pρr , i = 1,
1− pρr , i = 2. (4.1.3)
(c) Interaction in the case h = 1, . . . , k− 1 and r = 1.
As a consequence of the above assumptions it follows that Iv = {h, h + 1} and Ic = 1. The candidate vehicle is in the
slowest lane. When interacting with a faster field vehicle it can only maintain its current lane with the same velocity or
accelerating. The two probabilities depend on the local traffic density and on the road conditions.
Ai,j=1hk,1 =
{
1− α(1− pρ1), i = h,
α(1− pρ1), i = h+ 1. (4.1.4)
4.2. Interaction with a slower vehicle h > k
When h > k, the candidate vehicle is encountering a slower field vehicle in the r-lane. The result of this interaction is
that the candidate vehicle either maintains its lane or it changes to the left contiguous one, j = {r, r + 1}. In other words, it
is assumed that the candidate vehicle does not change its position in the right lane when interacting with a slower vehicle.
In what follows, we distinguish the case r = {1, . . . , p − 1} where the candidate vehicle can change its lane, from the
case r = p in which it can only maintain the current lane. Fig. 2 summarizes the table of games. Dashed arrows indicate
transitions in the left contiguous lane, while numbers refer to the corresponding equations.
Remark 4.1. In this case, the final velocity can be strongly slower than the initial one, as a consequence of an interaction
with a field vehicle with a low velocity.
(a) Interaction in the case h 6= n and r 6= p.
As a consequence of the above assumptions it follows that Iv = {k, . . . , h− 1, h, h+ 1} and Ic = {r, r + 1}.
Ai,j=rhk,r =
{
pρr+1, i = k,
0, otherwise. (4.2.1)
Ai,j=r+1hk,r =
{
(1− α)
h− k (1− pρr+1), k < i ≤ h,
α(1− pρr+1), i = h+ 1.
(4.2.2)
Eq. (4.2.1) yields the probability that the candidate vehiclemaintains its lanewhen interactingwith a slower field vehicle
travelling in the same r-lane. It means that the field vehicle is in front of it and the candidate vehicle is obliged to assume the
same velocity vk even if it is k << h. Such probability is only influenced by the traffic density in the left lane. Eq. (4.2.2) yields
the probability that the candidate vehicle changes its position to the left lane when interacting with a slower field vehicle.
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Fig. 2. h > k. Horizontal lines represent the lane. The arrows are labeled with the number of the related equation.
We assume that it can maintain the same velocity, accelerate or brake. When braking the final velocity vi is considered to
be comprised between vk and vh, i.e. k < i < h. The above probabilities depend on the quality of the road and on the traffic
density in the left lane.
(b) Interaction in the case h = n and r 6= p.
As a consequence of the above assumptions it follows that Iv = {k, . . . , n − 1, n} and Ic = {r, r + 1}. In this case the
velocity vn of the candidate vehicle is the maximum allowed. It maintains the current lane reducing its velocity to that of
the field vehicle or alternatively it changes to the left lane. When in the left lane the candidate vehicle maintains its velocity
or brakes depending on the local traffic density.
Ai,j=rnk,r =
{
pρr+1, i = k,
0, otherwise. (4.2.3)
Ai,j=r+1nk,r =
{ 1
n− k (1− pρr+1), k < i ≤ n,
0, otherwise.
(4.2.4)
(c) Interaction in the case h = k+ 1, . . . , n and r = p.
The candidate vehicle is in the fastest lane. When interacting with a slower field vehicle in the same lane it can only
assume the velocity vk of the field vehicle. Then Iv = k and Ic = p.
Ai,j=phk,p =
{
1, i = k,
0, otherwise. (4.2.5)
4.3. Interaction with an equally fast vehicle h = k
When h = k, the candidate vehicle and the field vehicle are travelling at the same speed in the same r-lane. After the
interaction the candidate vehiclemaintains its lane or it can change both in the right lane or in the left one j = {r−1, r, r+1},
as a consequence of the road conditions and of the traffic densities. The probability of maintaining the current lane depends
on the three traffic densities (ρr−1, ρr , ρr+1) and on the quality of the road. In what follows, we distinguish the case in which
the candidate vehicle can change both to the right and to the left lane from those where it can change only to the right
or only to the left lane. The following table of games is reported in a synthetic form in Fig. 3, where numbers refer to the
corresponding equations, bold and dashed arrows to transitions in the right or left contiguous lane respectively.
(a) Interaction in the case h 6= 1, n and r 6= 1, p.
As a consequence of the above assumptions it follows that Iv = {h − 1, h, h + 1} and Ic = {r − 1, r, r + 1}. In this
case it is considered an interaction in which vh is not the slowest or the fastest velocity and the r-lane is a central one. All
probabilities depend on the traffic densities and on the quality of the road in the following way:
Ai,j=rh=k,r =

1
2
(1− α)pρr(pρr−1 + pρr+1), i = h− 1,
1
2
(1− α)(pρr−1 + pρr+1)(1− pρr), i = h,
1
2
α(pρr−1 + pρr+1), i = h+ 1.
(4.3.1)
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Fig. 3. h = k. Horizontal lines represent the lanes. The transition arrows are labeled with the number of the corresponding equation.
Ai,j=r−1h=k,r =

1
2
(1− α)(1− pρr−1), i = h− 1,
1
2
α(1− pρr−1), i = h,
0, i = h+ 1.
(4.3.2)
Ai,j=r+1h=k,r =

0, i = h− 1,
1
2
(1− α)(1− pρr+1), i = h,
1
2
α(1− pρr+1), i = h+ 1.
(4.3.3)
(b) Interaction in the case h 6= 1, n and r = 1.
As a consequence of the above assumptions it follows that Iv = {h − 1, h, h + 1} and Ic = {1, 2}. In this case the two
interacting vehicles are in the slowest lane. The candidate vehicle maintains its current lane or it changes to the left one,
depending on the two traffic densities and on the parameter α. If it changes its lane, it cannot brake.
Ai,j=1h=k,1 =
{
(1− α)pρ1pρ2, i = h− 1,
(1− α)(1− pρ1)pρ2, i = h,
αpρ2, i = h+ 1.
(4.3.4)
Ai,j=2h=k,1 =
{0, i = h− 1,
(1− α)(1− pρ2), i = h,
α(1− pρ2), i = h+ 1.
(4.3.5)
(c) Interaction in the case h 6= 1, n and r = p.
As a consequence of the above assumptions it follows that Iv = {h − 1, h, h + 1} and Ic = {p − 1, p}. In this case the
two interacting vehicles are in the lane for fast vehicles. The candidate vehicle maintains its current lane or it changes to the
right one, depending on the two traffic densities and on the parameter α. If it changes its lane, it cannot accelerate.
Ai,j=ph=k,p =
{
(1− α)pρp−1pρp, i = h− 1,
(1− α)(1− pρp)pρp−1, i = h,
αpρp−1, i = h+ 1.
(4.3.6)
Ai,j=p−1h=k,p =
{
(1− α)(1− pρp−1), i = h− 1,
α(1− pρp−1), i = h,
0, i = h+ 1.
(4.3.7)
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(d) Interaction in the case h = 1 and r 6= 1, p.
As a consequence of the above assumptions it follows that Iv = {1, 2} and Ic = {r − 1, rr + 1}. In this case the two
interacting vehicles stop in the same central lane. If the candidate vehicle remains in the same lane it only maintains its
velocity v1 = 0. Alternatively, it can accelerate changing to the right or to the left lane, depending on the traffic densities
and on the quality of the road. In particular, if α = 0 (worst road conditions) the candidate vehicle maintains its lane.
Ai,j=r11,r =
1− αpρr
[
1− 1
2
(pρr−1 + pρr+1)
]
, i = 1,
0, i = 2.
(4.3.8)
Ai,j=r−111,r =
{
0, i = 1,
1
2
αpρr(1− pρr−1), i = 2. (4.3.9)
Ai,j=r+111,r =
{
0, i = 1,
1
2
αpρr(1− pρr+1), i = 2. (4.3.10)
(e) Interaction in the case h = 1 and r = 1.
As a consequence of the above assumptions it follows that Iv = {1, 2} and Ic = {1, 2}. The two interacting vehicles stop
both in the slowest lane. If α = 0 the candidate vehicle remains in the same lane with the same velocity v1 = 0. If α > 0
the candidate vehicle can remain in the same lane or alternatively it can change to the left lane accelerating, depending on
the traffic densities.
Ai,j=111,1 =
{
1− αpρ1(1− pρ2), i = 1,
0, i = 2. (4.3.11)
Ai,j=211,1 =
{
0, i = 1,
αpρ1(1− pρ2), i = 2. (4.3.12)
(f) Interaction in the case h = 1 and r = p.
As a consequence of the above assumptions it follows that Iv = {1, 2} and Ic = {p−1, p}. In this case the two interacting
vehicles stop in the fastest lane. If α = 0 the candidate vehicle remains in the same lane with the same velocity v1 = 0.
If α > 0 the candidate vehicle can stop in the same lane or alternatively it can change to the right lane accelerating, as a
consequence of the traffic densities.
Ai,j=p11,p =
{
1− αpρp(1− pρp−1), i = 1,
0, i = 2. (4.3.13)
Ai,j=p−111,p =
{
0, i = 1,
αpρp(1− pρp−1), i = 2. (4.3.14)
(g) Interaction in the case h = n and r 6= 1, p.
As a consequence of the above assumptions it follows that Iv = {n − 1, n, } and Ic = {r − 1, r, r + 1}. In this case the
two interacting vehicles travel at the fastest allowed velocity vn = 1 and they are both in a central lane. It is considered that
the candidate vehicle maintains its current lane with the same or a slower velocity or alternatively it can change going to a
contiguous one.
Ai,j=rnn,r =

1
2
(pρr−1 + pρr+1)pρr , i = n− 1,
1
2
(pρr−1 + pρr+1)(1− pρr), i = n.
(4.3.15)
Ai,j=r−1nn,r =

1
2
(1− α)(1− pρr−1), i = n− 1,
1
2
α(1− pρr−1), i = n.
(4.3.16)
Ai,j=r+1nn,r =
{
0, i = n− 1,
1
2
(1− pρr+1), i = n. (4.3.17)
(h) Interaction in the case h = n and r = 1.
As a consequence of the above assumptions it follows that Iv = {n−1, n, } and Ic = {1, 2}. In this case the two interacting
vehicles are both in the slowest lane with the maximum allowed speed. The candidate vehicle maintains its current lane
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Fig. 4. Global density ρ = 0.2 at different values of α.
travelling with the same or a lower velocity in dependence of the traffic density ρ1 or alternatively it changes to the left lane
maintaining its velocity.
Ai,j=1nn,1 =
{
pρ1pρ2, i = n− 1,
(1− pρ1)pρ2, i = n. (4.3.18)
Ai,j=2nn,1 =
{
0, i = n− 1,
1− pρ2, i = n. (4.3.19)
(i) Interaction in the case h = n and r = p.
As a consequence of the above assumptions it follows that Iv = {n − 1, n, } and Ic = {p − 1, p}. In this case the two
interacting vehicles are both in the fastest lane with the maximum allowed speed. The candidate vehicle maintains its
current lane travelling with the same or a lower velocity in dependence of the traffic density ρp or alternatively it changes
to the right lane maintaining its velocity or braking.
Ai,j=pnn,p =
{
pρp−1pρp, i = n− 1,
(1− pρp)pρp−1, i = n. (4.3.20)
Ai,j=p−1nn,p =
{
(1− α)(1− pρp−1), i = n− 1,
α(1− pρp−1), i = n. (4.3.21)
Once introduced the above table of games, we can write the model equation in the spatially homogeneous case
particularizing the Eq. (3.6) in the following way:
df ji
dt
=
2∑
r=1
[
η0
1− pρr
(
n∑
h,k=1
Ai,jhk,r [ρ∗]f rh (t)f rk (t)
)]
− η0
1− pρ j f
j
i (t)ρ
j(t), j = 1, (4.4)
df ji
dt
=
j+1∑
r=j−1
[
η0
1− pρr
(
n∑
h,k=1
Ai,jhk,r [ρ∗]f rh (t)f rk (t)
)]
− η0
1− pρ j f
j
i (t)ρ
j(t), j 6= 1, p, (4.5)
df ji
dt
=
p∑
r=p−1
[
η0
1− pρr
(
n∑
h,k=1
Ai,jhk,r [ρ∗]f rh (t)f rk (t)
)]
− η0
1− pρ j f
j
i (t)ρ
j(t), j = p. (4.6)
The above model satisfies the ‘‘mass conservation’’ hypothesis, i.e. dρ/dt = 0, as it is required in spatially homogeneous
conditions. In fact, the above table of games always satisfies conditions (3.4). Then, the global sum with respect the i-
index (i = 1, . . . , n), which means with respect to all the final velocities, and later the sum with respect to the j-index
(j = 1, . . . , p), which means with respect to all the final lanes, yields to the following result:
dρ
dt
=
p∑
r=1
η0
1− pρr (ρ
r)2 −
p∑
j=1
η0
1− pρ j (ρ
j)2 = 0. (4.7)
5. Simulations and perspectives
Simulations are developed for a three lane road, p = 3. The result is shown in Figs. 4–6 corresponding to two different
values of the phenomenological parameter α, namely
α = 0.3, α = 0.6
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Fig. 5. Global density ρ = 0.4 at different values of α.
Fig. 6. Global density ρ = 0.6 at different values of α.
and three value of the global density ρ, namely
ρ = 0.2, ρ = 0.4, ρ = 0.6.
The result shown by the simulations can be summarized as follows:
(i) Increasing the density increases the rapidity by which the steady density is reached;
(ii) Vehicles show a trend to occupy the third lane. This trend is more evident when the density is low andwhen the quality
of the road increases. When the density is large vehicles show a trend to occupy all lanes and the quality of the road is
less relevant.
(iii) Simulations corresponding to the same road conditions and the same global density show a trend towards equilibrium
which is not sensitive to the initial distribution over the lanes.
These simulations have been developed corresponding to the following initial conditions:
ρ = 0.2, ρ1(t = 0) = 0.2, ρ2(t = 0) = 0, ρ3(t = 0) = 0;
ρ = 0.4, ρ1(t = 0) = 0.2, ρ2(t = 0) = 0.2, ρ3(t = 0) = 0;
ρ = 0.6, ρ1(t = 0) = 0.3, ρ2(t = 0) = 0.15, ρ3(t = 0) = 0.15.
In the first case (ρ = 0.2) all vehicles are positioned in the slowest lane and the global density is low. When the
equilibrium is reached vehicles are distributed in all lanes and the third one is the most occupied. If the quality of the road
is bad the lane less occupied is the central one. In the second case (ρ = 0.4) the third lane is not occupied and the density
is the same in the first and the second lane. At equilibrium the third lane is always the most busy and if the quality of the
road is low the first and the second lane are occupied in the same way. In the last case the global density is large; initially
the most occupied is the first lane, while at equilibrium it is the less occupied.
It is worth stressing that the simulations have been proposed with methodological aims to show the predictive ability of
the model. Further analysis can be developed to analyze the following aspects:
– influence of lanes with different quality, for instance when the first lane (p = 1) is in particular devoted to trucks or
bicycles; the phenomenological parameter α should be assumed lower in the first lane than in the other ones.
– analysis of multilanes with lower and higher number of lanes.
– analysis of multilanes by using methods of the discrete kinetic theory for active particles.
This preliminary analysis is developed also in view of the analysis of dynamics in the spatially dependent case.
2428 I. Bonzani, L.M. Gramani Cumin / Computers and Mathematics with Applications 56 (2008) 2418–2428
Acknowledgments
This paper was written during the second author’s visit to the Department of Mathematics of the Politecnico of Torino.
The authors are grateful to Professor Nicola Bellomo for supervising this paper. The second author thanks the Coordenação
de Aperfeiçoamento de Pessoal de Nível Superior (CAPES, Brazil) for supporting this research.
References
[1] M. Delitala, A. Tosin, Mathematical modeling of vehicular traffic: A discrete kinetic theory approach, Math. Models Methods Appl. Sci. 17 (2007)
901–932.
[2] I. Bonzani, L. Mussone, From the discrete kinetic theory of vehicular traffic flow to computing the velocity distribution at equilibrium, Math. Comput.
Modelling (2008) doi:10.1016/j.mcm.2008.01.010.
[3] C.F. Daganzo, Requiem for second-order fluid approximations of traffic flow, Transp. Res. B 29 (1995) 277–286.
[4] M. Delitala, Nonlinear models of vehicular traffic flow—New frameworks of the mathematical kinetic theory, C. R. Mecanique 331 (2003) 817–822.
[5] V. Coscia, M. Delitala, P. Frasca, On the mathematical theory of vehicular traffic flow II: Discrete velocity kinetic models, Int. J. Non-Linear Mech. 42
(2007) 411–421.
[6] L.M. Gramani Cumin, On themodeling of granular traffic flowby the kinetic theory for active particles: Trend to equilibriumandmacroscopic behavior,
Int. J. Non–Linear Mech. (2008) (in press).
[7] I. Prigogine, R. Herman, Kinetic Theory of Vehicular Traffic, Elsevier, New York, 1971.
[8] D. Helbing, A. Greiner, Modeling and simulation of multilane traffic flow, Phys. Rev. E 55 (1997) 5498–5508.
[9] A. Klar, R. Wegener, A hierarchy of models for multilane vehicular traffic. I. Modeling, SIAM J. Appl. Math. 59 (1999) 983–1001.
[10] J.M. Greenberg, A. Klar, M. Rascle, Congestion on multilane highways, SIAM J. Appl. Math. 63 (2003) 818–833.
[11] N. Bellomo, A. Marasco, A. Romano, From the modelling of driver’s behavior to hydrodynamic models and problems of traffic flow, Nonlinear Anal.:
RWA 3 (2002) 339–363.
[12] A. Klar, R. Wegener, Kinetic traffic flow models, Modeling in applied sciences, in: Model. Simul. Sci. Eng. Technol., Birkhäuser Boston, Boston, MA,
2000, pp. 263–316.
[13] D. Helbing, Traffic and related self-driven many-particle systems, Rev. Modern Phys. 73 (2001) 1067–1141.
[14] N. Bellomo,M. Delitala, V. Coscia, On themathematical theory of vehicular traffic flow: I. Fluid dynamics and kineticmodelling,Math.ModelsMethods
Appl. Sci. 12 (2002) 1801–1843.
[15] B.S. Kerner, The Physics of Traffic: Empirical Freeway Pattern Features, Engineering Applications, and Theory, Springer, New York, Berlin, 2004.
